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Abstract 



(N 

< 

'•pi ^ The Binet-Fibonacci formula for Fibonacci numbers is treated as a 

C^ , q-number(and q-operator) with Golden ratio bases q = f> and Q = ~l/f. 

Quantum harmonic oscillator for this Golden calculus is derived so that its 
spectrum is given just by Fibonacci numbers. Ratio of successive energy 
levels is found as the Golden sequence and for asymptotic states it appears 
as the Golden ratio. This why we called this oscillator as the Golden 
j^ , oscillator. By double Golden bosons, the Golden angular momentum and 

i^ ' its representation in terms of Fibonacci numbers and the Golden ratio are 

_-. ' derived. 

tl: ■ 1 Introduction 

o : 

Fibonacci numbers are known from ancient time and have many applications 
from human proportions, architecture (Golden section), natural plants (branches 
of trees, arrangement of leaves) up to financial market [Ij. 
K^ , The numbers satisfy the recursion relation 

H ' 

C^ I Fi = i^2 = 1 (Initial Condition), 

Fn — Fn-1 + Fn-2, for 71 > 2 (Recursion Formula). 

First few Fibonacci numbers are 1,1, 2, 3, 5, 8, 13,... For these numbers, starting 
from de Moivre, Lame and Binet, next representation is known as the Binet 

formula [T]: 

'fi /^ 

Fn = ^^^, (1) 

where ip, ip' are positive and negative roots of equation 

x"^ - X - I ^ 0. 



These roots are explicitly 

l + \/5 , 1-V5 1 ,-, 

Number Lp is known as the Golden ratio or the Golden section. There is a huge 
amount of works devoted to application of Golden ratio in many fields from 
natural phenomena to architecture and music. 

Here we notice that Binet formula is a special realization of so-called q- 
numbers in g-calculus with two basis g, Q, where q = ip^ Q = —— — f'- The 
{Q,q) calculus generalizes the q-calculus. In particular cases when Q = 1 it 
becomes non-symmetrical calculus. In case Q — - it becomes so-called sym- 
metrical g-calculus. It appears in study of generalized quantum g-harmonic 
oscillator [5] , [3] and mentioned as a convenient form for generalization, in book 

a- 

Recently, we found that it appears naturally in construction of g-Binomial 
formula for noncommutative elements. Noncommutative q-binomials where con- 
sidered in [5] for description g-Hermite polynomial solutions for g-Heat equa- 
tion. From another side it appears also in description of AKNS Hierarchy of 
integrable systems where Q — R is recursion operator of AKNS Hierarchy and 
q is the spectral parameter 6 . 

In the present article we like to explore possibility to interpret Binet formula 
for Fibonacci numbers as g-number with Golden section base (p. Then Fibonacci 
numbers appear as g-numbers. We construct quantum harmonic oscillator for 
Golden g-Calculus case so that its spectrum is given by just Fibonacci num- 
bers and ratio of successive energy levels is given as the Golden sequence and 
for asymptotic states it appears as the Golden ratio. Though the results for 
harmonic oscillator with generic Q — q and its reductions to symmetrical and 
non-symmetrical cases are known [^ , [8] , |9l , we think that the special case with 
Golden ratio base was not described before in literature. Due to importance and 
wide applicability of Fibonacci numbers in different fields, we think that explicit 
realization of it in form of quantum oscillator with Golden ratio base, which we 
call Golden quantum oscillator, could be of interest. Specially, a realization of 
this type of calculus could describe the Golden ratio in noncommutative geom- 
etry. 

Finally, our Golden oscillator should not be mixed with the Fibonacci Os- 
cillator of [5] with generic bases gi and g2, thought it is a particular case of 
it. In that papers no relations with Golden ratio and Binet formula as well as 
asymptotic properties of energy levels are discussed. 

2 Golden g- Calculus 

In (Q,g) calculus we have number 



1 - Q"-g" C^ 



If we choose Q ^ ip ^ ^^^ and q ^ ip' ^ i^^ = --. Then ^ becomes 
Binet's formula for Fibonacci numbers as {if, iy9')-numbers : 

n /^ 

Fn - ^— ^ = [„]^,^, EE [n]F. (4) 

ip-lp' 

This definition can be extended to arbitrary real number x, 

^ iX ,„x ( l\x 
[x\v,V' = [x\f = = -T = i^o;, (5) 

'y' - 'y' "/^ + ^ 

though due to negative sign for the second base, it is not a real number for 
general x 

Instead of real number x we can also consider complex numbers z = a; + iy, 
Example : it is easy to see that 

,. ["-+1]_F ,. Fn+i 

lim — — = hm — If. 

The addition formula for Golden numbers is given in the form 

[n + m]F^ F„+,n = V''F„, + (--] F^. (7) 

By using Qj we can get 

^^ = ^Fn + Fn-i, 'f'^ = ^'Fn + Fn-u (8) 

and the above formula ([7|) can be rewritten as 

= Fn-lFm + FnF,n+l. (9) 

The substraction formula can be obtained from it by changing to — > — tti as 



— m 



Fn-ra = [n - to]f = (^"[-to]f + f 1 Nf (10) 

or by using the equality 
it can be also written 

-I F^a- T^^-—Fm. (11) 



or 



DEFINITION (Higher Fibonacci Numbers): 

Pt' - ^"^y.lV - W."s.- (13) 

and F^^^ = F„. 

By definition, the multiplication rule for Golden numbers is given by next 
formula 

[nm]^^_x = Fnrn = W^^_iH^",(-i)" = Fr.Fi:\ (14) 

and the division rule is 



'lv,v' 



J^ rrj, J^ ?T 



F^ = ^ = ^. (15) 

Higher Fibonacci numbers can be written in terms of ratio of Fibonacci 
numbers as follows 

p(™) ^ F^_ (ig) 

From definition Q we have the fohowing relation 

F-n = (-1)"+'F„. (17) 

For any real x, y 

[x + y]F = ip''[y]F+( j Nf 

= Vnx]F+(-^) [y]F (18) 

which are written in terms of Fibonacci numbers as follows 

F^+y = v^Fy + {--)yF, 

= ^yF.,+ (--\ Fy. (19) 

For real x, we have the Fibonacci recurrence relation 

[x\f ^[x~ 1\f + [x~ 2]f ^F,^ F,_i + F,_2. (20) 

Example : Golden tt 

F^ = f7r]_F ~= 4, 73068 + 0, 0939706i 



3 Golden Derivative 

The Fibonacci or Golden derivative we define as an operator 

F,^ = ^ ^, = [x—]f. 21 

Then Golden derivative for any function f{x) is given as 

Here, arguments are scaled by Golden ratio: x -^ (px and x — > — — . It can be 
written in terms of Golden ratio dilatation operator 

M^fix) - fiifix), 

where f{x)- smooth function and its operator form can also be written as 

Function A{x) we called the Golden periodic function if 

DfA{x) = (23) 

which implies 

A{ipx)=A{ x). (24) 

As an example we have: 

A(x) =sin(-^ln|a;| j (25) 

Example 1: Application of Golden derivative operator Dp on x" gives 

or 

_Dfx-_ 

SO it generates Fibonacci numbers. 
Example 2: 

oo 



x/5 



g¥>x _ g-- 2e2 sinh ^x ^^ F, 



^+^ V5: 



^x". 



¥> ^ n=0 



n 



For a; = 1 it gives next summation formula 



°2, F 1 sinh ^ , ^ 

J:^=^-'—7^- (26) 



n! V5 

n=0 2 

3.1 Golden Leibnitz Rule 

We derive the Golden Leibnitz rule 

Dp{fix)g{x)) = DFf{x)g{^x) + f{--)DFg[x). (27) 

By symmetry the second form of the Leibnitz rule can be derived as 

DF{f{x)g(x)) = DFf{x)g{--) + f{^x)DFg{x). (28) 

These formulas can be rewritten in explicitly symmetrical form : 

(29) 

More general form of Golden Leibnitz formula is given with arbitrary a , 

DF{f{x)g{x)) = Uf{-^)) + (1 - a)f{cpx)] DFg{x)+(ag{^x) + (1 - a)g{~^)) ] Dpfix) 

Now we may compute the golden derivative of the quotient of f{x) and 5(2:). 
From (|27|) we have 

ff{x)\ DFf{x)g{ipx)- DFg{x)f{ipx) 
""" fej 5(^.).(-f) ■ ^''^ 



However, if we use (pS)) . we get 



f{x)\ DFf{x)g{-^)~DF9{x)f{~ ^, 



\9{x)J g{ipx)g{-^) 



In addition to the formulas (|30| and (|3T|) one may determine one more 
representation in symmetrical form 

f{x)\ 1 DFf{x){g{-^) + g{^x)) - DFg{x)if{-^) + fjipx)) 



'''[g{x))~2 <7(^x),(-|) ■ (^2) 

In particular applications one of these forms could be more useful than others. 



3.2 Golden Taylor Expansion 

Theorem 3.2.1 Let the Golden derivative operator Dp is a linear operator on 
the space of polynomials, and 

P„(x) ^ — ^ 



F„! FiF2...F„ 

satisfy the following conditions : 

(i) P(,(0) == 1 and P„(0) = for any n > 1 ; 

(ii) deg Pn ~ n ; 

(Hi) DpPn{x) — Pn-i{x) for any n > 1 , and Dp(l) — Then, for any 

polynomial f{x) of degree N,one has the following Taylor formula : 

fix) = J2iD"pfmPnix) - E W/)(0)|^. 



In the limit A'^ — > oo (when it exists) this formula can determine some new 
function 

oo „ 

fpix) = Y,{Dlfm^ (33) 

n— 

which we can call the Golden (or Fibonacci) function. 

Example : (Golden Exponential) The Golden exponential functions 
are 

^^.-E|^; ^^-B-D^fr^ (34) 

n— n— 

and for X = 1, we get the Fibonacci natural base as follows 

oo ^ 

These functions are entire analytic functions. For the second function explicitly 
we have 

The Golden derivative of these exponential functions are found 

Dpef^kef, 

DpEf = kEp'''' 

for arbitrary constant k (or F-periodic function). Then these two functions give 
the general solution of the hyperbolic F-oscillator 

[Dl - k^)(t>{x) = 0, (36) 



as 

0(x) = Ae|f + Bep'=^ (37) 

and elliptic F-oscillator 

(Dl + k^)4'{x) = 0, (38) 

(j){x)=AE'l,''+BEp''''. (39) 

We have next Euler formulas 

e^p — cosf X + i sini? x, (40) 

Ep = cosliF X + i sinhp x, (41) 

and relations 

Coshpx — cosf X, (42) 

Sinhpx = sirip x, (43) 

where 

Coshpx = ^F + ^F ^ Sinhpx = ^ ^ . (44) 

We notice here that these relations are valid due to alternating character of 
second exponential function. 

Example : (F-Oscillator) 

For F-oscillator 

D],x + uj^x = Q (45) 

the general solution is 
x{t) — aEp + bEp^ ~ a'Coshpojt + b' Sinhpujt — a' cosp Ljt + b' smp uit (46) 

3.3 Golden Binomial 

Golden Binomial we define as 

(x + vY'p = {x + ^"-iy)(x - ^"-\)...(x + (-1)"- V-"+^) (47) 

and it has n-zeros at the Golden ratio powers 

- = -V , - = -<y5 : •••,- = -</' • 

y V V 

For Golden binomial next expansion is valid 



{x + yrp^{x + y)l_^ = J2 



fe=0 



(-l)^^a;"-'=/ 

F 



E-T^ ! fc(fc-l) , , 

— ^1— (-l)^^."-'^/ (48) 



^^^F„_fc!Ffe! 



The proof is easy by induction. 



Application of Golden derivative to the Golden binomial gives 
Dl{x + yTp^F^{x~y)y\ 



It means 



D 



{x + yYp [x + y) 



n-l 
F 



FJ. Fn-l\ ' 

{Dy^rix+yrp. 



For n = 2k we have 

"^F 

and for n = 2k + 1 we get 



(^^)''(^ + y)F =(-iMfc!, 



{Dlf'+'{x + y)f+'^{-irF,,+,l 
In terms of Golden binomial we introduce the Golden polynomials 

Pnix)=^-^^^ (49) 

where n — 1,2, ..., and Po{x) = 1 with property 

D^P„(x)=P„_i(x). (50) 

For even and odd polynomials we have products 

1 " 
P2n{x) ^—-l[{x- {-ir+'^^''^-^a){x + (-l)"+V-''+'a), (51) 

P2n+i{x) = (^- (-!)"«) -Q(^ _ (_i)"+V^'=«)(x - (-l)"+V-^'^a)- (52) 
By using ([8|) it is easy to find 

^'^ + 4fe=^2fe + 2F2fe-i, (53) 

<p''=+^-;^ = P2fe+i+2F2.. (54) 

Then we can rewrite our polynomials in terms of just Fibonacci numbers 

n 

P2n{x) ^^—,\{{x^~ (-l)"+'(F2/c-i + 2F2k-2)xa - a^), (55) 

k—1 



P2n+iix) ^^-^-iJ)2^f[{x'-{-l)^+\F2k + 2F2k-i)xa + a^). (56) 



2n+l- 



k=l 



First few polynomials are 



Pi(x) = {x — a) 



Psix) ~ —[x + a){x — 3xa + a ) 



Pi{x) 



P^{x) 



1 



1 



2-3-5 



(a; — a)[x^ + Zxa + a'^){x'^ — 7xa + a^) 



(57) 
(58) 

(59) 



2-3-5-8- 13 



{x+a){x'^ -3xa + a^){x'^ + 7xa+a^){x^ -I8xa + a^) (60) 



P2{x) = {x^ — xa — a^) 
1 



Piix) = TT-^ix + xa- a ){x - ixa - a ) 



(61) 
(62) 

(63) 



Pe{x) = — — -{x'^ - xa - a^){x'^ + 4xa - a'^){x'^ -Uxa-a'^) (64) 

(65) 



3.4 Noncommutative Golden Ratio and Golden Binomials 

By choosing q — —— and Q = (p, in general Q-commutative q-binomial |10j . 
where ip is the Golden section, we obtain the Binet-Fibonacci Binomial formula 
with Golden non-commutative plane {yx = fxy). (It should be compared with 
Golden ratio b = (pa). 

{x + yT-^ = {x + y)ix + i--)y){x+{--ry)...{x + {--r-'y) 

f ip Lp ip 



n r -1 

n 



E 

n 

E 

fc=0 



F I 



(--)^^^x"-'=/ 



FklFn-kl V ^ 



x"-'=/, 



(66) 



where Fn are Fibonacci numbers. 



10 



3.5 Golden Pascal Triangle 

The Golden binomial coefficients are defined by 



[n]Fl 



F I 



[n-k]FmFl 



(67) 



with n and k being nonnegative integers, n > k and are called the Fibono- 
mials. Using the addition formula for Golden numbers ([7]), we write following 
expression 

Fn = Fn-k+k — ( ) -Fri-fe + V"~ Fk , 

it can be written as follows 

Fn = Fn^k-lFk + Fn^kFk+1 
— Fn-kFk-1 + Fn-k+lFk- 

With the above definition (p7)) we have next recursion formulas 



and from 



(68) 



(-l)^[n-l]^! 

k~l]Fl 



(^" '^ [n 



1]fI 



[k]Fl[n- 



k]F\[k-l]Fl 



n- 1 

k 
1 



V 



1 



fe 


n- 1 




k~l 


fc 


n- 1" 




k-l. 



(69) 
(70) 



r , +{—y 

F V 

These two rules determine the multiple Golden Pascal triangle, where 1 < A: < 
n — 1. Then, we can construct Golden Pascal triangle as follows 

1 



/ 



/ 



\{-'^f 



\--. 



V- 



[2] 



V^ 



\-^ ^' 



3.6 Remarkable Limit 

From Golden binomial expansion (I48p we have 



a + yYi 



E 

n 

E 

fc=0 



n 
k 






FJ. 

F„.-klFk\ 



(-1)" 



(71) 
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Then 

or by opening Fibononiials and taking limit 

n oo w h. 

1 i.f,- ^\ n.f^ 



lim ( 1 + — 






n oo -, / \ k 



li- f 1 + - ) -y TTT^ f 4^ ) (74) 



where we introduced g-number, [/c]q = 1 + g + ... + q''^^ , with base q = — f/?^, so 
that 

[ku^ = 1 + {-^') + ■ + i-^r-' - ^r^2''/ . (75) 



The last expression allow us to rewrite the limit in terms of Jackson q-exponential 
function eq{x) with q = —(p^, 

y \" _ ( Vf 



>is.|i + ^J^--..t,;#^l m 



or finally we have remarkable limit 



""l' + ^). = '-'-(^)- '"' 



n—^oo 



In particular case it gives 

hm (l + ^) =e_^.(l). (78) 

3.7 Golden Integral 

3.7.1 Golden Antiderivative 

Definition 3.7.1 The function G{x) is Golden antiderivative ofg{x) if DpG{x) 

It is denoted by 

G{x) = I g{x)dFX. (79) 

DpG{x) = ^ G{x) = C - constant 

or 

DfG{x) = ^ G{ipx) = G{--) 

is called the Golden 'periodic' function. 

12 



3.7.2 Golden-Jackson Integral 

By inverting equation (j22p and expanding inverse operator we find Jackson type 
representation for anti-derivative. 

G{x) = j 9{^^ dgx - (1 - Q)x f2 Q'f i^^Q"^ (80) 



wliere Q = -^. 

4 Golden oscillator 

Now we construct quantum oscillator with spectrum in the form of Fibonacci 
numbers. Since in this oscillator the base in commutation relations is (p-Golden 
ratio, we called it as Golden oscillator. The algebraic relations for Golden 
Oscillator are 

bb+ ~ ifb+b = {--f (81) 

V> 
or 

bb+ + -b+b^^^, (82) 

where N is the hermitian number operator and (p is the deformation parameter. 
The bosonic Golden-oscillator is defined by three operators b^ , b and N which 
satisfy the commutation relations: 

[N,b+]^b+, [N,b]^-b. (83) 

By using the definition of number operator with basis ip we find following equal- 
ities 

[N + l]p~^[N]p^{~-)^ (84) 

(85) 
where 



[N+1]f 


+ l[iV], 


-^^ 


[N]f = 


^^-(- 


1 \N 


ip + 





is the Fibonacci number operator. Here operator (—1)^ = e*'^^. 

By comparison the above operator relations with algebraic relations ((8T|) and 
([82]) we have 

b+b=[N]F, &6+ = [7V + 1]f. 

Here we should note that the number operator N is not equal to b^b as in 
ordinary case. By using the property of Fibonacci numbers (|H]) the algebraic 
relations ((5T|) and ([5^ are equivalent to Fibonacci rule for operators 

F/v+i = Fn + Fn^i. 
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Proposition 4.0.2 

[[N]F,b+] = {[N]f - [N - l]F}b+ 

= b+{[N+l]F-[N]F} (86) 

Proposition 4.0.3 we have following equality for n = 0, 1, 2, .. 

[[NY^,b+] = {[NY^-[N-irF}b+ (87) 

Proof 4.0.4 By using mathematical induction to show the above equality is not 
difficult. 

Corollary 4.0.5 For any function expandable to power series (analytic) F{x) = 
X]n=o <^n^" ™s have the following relation 

[F{[N]F),b+] = {F{[N]F)-Fi[N-l]F)}b+ 

= b+{F{[N+l]F)-F{[N]F)} (88) 



b+F{[N + l]F) = F([N]F)b+ (89) 



or 



F{N)b+ =b+F{N+l). (90) 

By using the eigenvalues of the Number operator 

N\n)F — n\n)F, 

[N]F\n)F = FN\n)F = [n]F\n)F = Fn\n)F 

we get Fibonacci numbers as eigenvalues of [A^J-operator, where we call Fn as 
Fibonacci operator and we denote \n)^ _x = \n)F- 

The basis of the Fock space is defined by repeated action of the creation operator 
5+ on the vacmim state, which is annihilated by 6|0)f = 

where [n]i?! — Fi ■ F2 ■ ■■■Fa- 
in the limit 

hm ^^^ = hm t±nL = i±^ , ^ =« 1,6180339887, 

which is the Golden ratio. 

The number operator A^ for Fibonacci case is written in two different forms 
according to even or odd cigcnstatcs N\n)F — n\n)F- For n — 2fc, we get 



N = log^ [^F^ + J^F^ + l) , (92) 
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and for n = 2fc + 1, 



2 "" V4^ 



N = \ogl^FN-d-F'^-l, (93) 



where [N]p is Fibonacci number operator defined as 

(^^-(-1) 

As a result, the Fibonacci numbers are the example of {q, Q) numbers with 
two basis and one of the base is Golden Ratio. This is why we called the corre- 
sponding q— oscillator as a Golden oscillator or Binet-Fibonacci Oscillator. The 
Hamiltonian for g-Binet-Fibonacci oscillator is written as a Fibonacci number 
operator 



if ^ ^(6+6 + 66+) ^^{[N + l]p + [N]p) = ^F^+,, 

where 66+ = [iV + 1]^ == Fn+i, b+b ^ [N]f ^ Fn- According to the Hamil- 
tonian, the energy spectrum of this oscillator is written in terms of Fibonacci 
numbers sequence. 

En — —T-Fn+2- 

A first energy eigenvalues 

En = Fo = , 

' 2 2 

which is exactly the same ground state as in the ordinary case. Higher energy 
excited states are given by Fibonacci sequence 

El 

In Figure 1 we show the quantum Fibonacci tree for this oscillator. 

The difference between two consecutive energy levels of our oscillator is found 

as 

Tioj 
AE„ = En+i-En = —Fn+i. 

Then the ratio of two successive energy levels "+^ gives the Golden sequence, 
and for the limiting case of higher excited states n — > oo it is the Golden ratio 

lin, ^ = linr 1^ = lim f^±|^ = i±^ = ^ « 1, 6180339887. 

15 
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Figure 1: Quantum Fibonacci Tree for Golden Oscillator 



This property of asymptotic states to relate each other by a Golden ratio, leads 
us to call this oscillator as a Golden oscillator. 

We have the following relations between q- creation and annihilation opera- 
tors and standard creation and annihilation operators 



b^^a^\ ^ = A/ a (94) 

^1 N+1 \J N ^ ' 



which we call nonlinear unitary transformation, where [a, a+] = 1. 

4.0.3 Golden Angular Momentum 

Double Golden Oscillator algebra su_f(2), determines the Golden Quantum an- 
gular momentum operators, defined as 

jF ,+, tF ,+, jF ^1 ^ ^2 

J+=bJb2, J_=bjbi, J^ ^ , 



and satisfying commutation relations 

[J^, J^_] - {-ir^F^.,^ = -(-l)^^F_2j., (96) 

16 



[j!,Jl]^±Ji, (97) 

where the Binct-Fibonacci operator is 

The Golden quantum angular momentum operators J^ may be written in terms 
of Fibonaeci sequence and standard quantum angular momentum operators J± 
as 



''*\ 


/ Fni+i / Fn2 
/iVi + lV N2 


1 Fni I Fn2+i j 
V A^i ViV2 + l + 


(98) 


■'-\ 


/ Fni j Fm2+i 


j Fni+1 /-F/V2 J 
ViVi + lV N^- 


(99) 



The Casimir operator for Binet-Fibonacci case is 

C^ = {-l)-''{Fj^Fj^+, + {-l)-^^J^4) 

= (-l)-^^(-Fj^Fj^_i + (-l)-^V^J^). (100) 

The angular momentum operators J^ and jf act on state \j, m) p : 



J+ [i, m)F = ^Fj^^Fj+^+i\j, m + 1)f, (101) 

J^\i,m)F = ^Fj+„iFj_„+i|j, m - 1)f, (102) 

Jz\3,m)F = m\j,m)F- (103) 

The eigenvalues of Casimir operator C^ are determined by product of two suc- 
cessive Fibonacci numbers 

Cf = {-l)-^F,F,+,, 

then the asymptotic ratio of two successive eigenvalues of Casimir operator gives 
Golden Ratio 

J-— (-l)-^+iF,_iF, 

We can also construct representation of our _F-deformed angular momentum 
algebra in terms of double Golden boson representation 5i,62- The actions of 
i^-deformed angular momentum operators to the state \ni,n2)F are given as 
follows : 



J+|"-1,"2>_F == b'lh2\ni,n2)F = \J Fn^ + iFn^Wi + 1,^2 - 1)f, (104) 



J-\ni,n2)F = b^bi\ni,n2)F = V-^«i-^n2+i|"-i - 1,»^2 + 1)f, (105) 
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Jz\ni,n2)F = -^{Ni - N2)\ni,n2)F = -^{ni - n2)\ni , n2) f ■ (106) 

The above expressions reduce to the famihar ones (|101l) - (|103p provided we define 

ni + n2 rii - 712 

•^ 2 ' 2 

\ni,n2)F = \j,m)F, 

and substitute 

Til — > J + m, n2 —> j — m. 

4.0.4 Symmetrical sui^{2) Quantum Algebra 

As an example of symmetrical g-deformed suq{2) algebra we choose the base as 
qi = iip and Qj — i — , then our complex equation for base becomes 

(iiff = i{iip) - 1. 

The (fi- deformed symmetrical angular momentum operators remain the same 
as Jjf , Jz ■ The symmetrical quantum algebra with base (11^9, — ) becomes 

[Jt,.r] = [2JzU = [2J.],^,4-1)<^~^^\ (107) 

where 



[2J.]. 


^2.,. 


-^-2^^ 


V 


-^-1 


[4'^ 


,J^^] = 


±4^). 



and 

(108) 

4.0.5 suf{2) Algebra 

One of the special cases of symmetrical su(^qQ-^ (2) algebra is constructed by 
choosing Binet-Fibonacci case [qi — 1^, qj — ——). The generators of suf{2) 
algebra J^ , Jf are given in terms of double bosons 61 , 62 as follows : 

Jl = {-l)-^h+b2, (109) 

J^ = 6+fei(-l)-^, (110) 

if - Jz- (111) 

satisfying anti-commutation relation 

jljF + jFjl = { J^, J^} = [2J,]^, (112) 

and [Jz J J±\ — ±t/± • The Casimir operator is written in the following forms 

= {-lY^{JlJ^-F,^F,^^,}. (113) 
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The actions of the i^-dcformcd angular momentum operators to the states 
\j,m)F are 

J^\j,m}F = (-1)'^ ^F,^^F,+,n+i\j,m + 1}f, (114) 

J^\j,m)F == {-1)^^^ y/ Fj+„,Fj^„,+i\j,m - 1)f, (115) 

Jl\i,m)F = ■m\j,m)F. (116) 

And the eigenvalues of Casimir operators are given by 

C^\j,m)F = {{-irF^mFm+l-{-iyF,^rnF,+m+l}\j,m)F 

= {(-l)^F,_„+iF,+„ - (-l)"^„F„_i}|j, m)F. 
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